We review the role of the surface tension of quark matter droplets in astrophysical conditions, focusing specifically on the thermodynamic conditions prevailing in cold neutron stars (NSs), in hot lepton rich proto NSs, and in early universe conditions. We analyze quark matter in chemical equilibrium under weak interactions, which is relevant for understanding the internal composition of hybrid stars, as well as "just deconfined" quark matter out of chemical equilibrium, which is the relevant thermodynamic state for describing the nucleation process of quark matter in NSs. We explore the role of temperature, density, trapped neutrinos, droplet size and magnetic fields within the multiple reflection expansion formalism (MRE). Quark matter is described within the frame of different effective models: the MIT bag model and the SU (3) f Nambu-Jona-Lasinio model (NJL), including color superconductivity, neutrino trapping and magnetic fields. We also analyze the deconfinement transition at vanishing chemical potential and finite temperature including the Polyakov loop. We explore some astrophysical consequences of our results.
I. INTRODUCTION
The cores of massive NSs have densities that may favor the nucleation of small droplets of quark matter, that under appropriate conditions may grow converting a large part of the NS into a deconfined state. The study of the surface tension of deconfined quark matter has attracted much attention recently [1] because a detailed knowledge of it may contribute to a better comprehension of the physics of NS interiors. In fact, surface tension plays a crucial role in quark matter nucleation during the formation of compact stellar objects, because it determines the nucleation rate and the associated critical size of the nucleated drops [2, 3] . It is also determinant in the formation of mixed phases at the core of hybrid stars which may arise only if the surface tension is smaller than a critical value of the order of tens of MeV/fm 2 [4] . Also, surface tension affects decisively the properties of the most external layers of a strange star which may fragment into a charge-separated mixture, involving positively-charged strangelets immersed in a negatively charged sea of electrons, presumably forming a crystalline solid crust [5] . This would happen below a critical surface tension which is typically of the order of a few MeV/fm 2 [6] . However, in spite of its key role for NS physics, the surface tension is still poorly known for quark matter. Early calculations gave rather low values, below 5 MeV/fm 2 [7] , but larger values within 10 − 50 MeV/fm 2 where used in further works about quark matter droplets in NSs [8] .
More recently, values around ≈ 30 MeV/fm 2 have been adopted for studying the effect of quark matter nucleation on the evolution of proto NSs [9] . However, values * grunfeld@tandar.cnea.gov.ar † german.lugones@ufabc.edu.br around ∼ 300 MeV/fm 2 were suggested on the basis of dimensional analysis of the minimal interface between a color-flavor locked phase and nuclear matter [10] .
In this work we present results we obtained for finite size effects within the multiple reflection expansion (MRE) framework (for details on the MRE formalism see [11] and references therein). To describe quark matter we employ the NJL and the MIT bag models considering different scenarios that we describe below.
II. SURFACE TENSION AND DECONFINEMENT AT PROTONEUTRON STARS
In proto NSs, matter can reach temperatures of the order of 50 MeV and the neutrino chemical potential is very high because neutrinos are trapped due to their short mean free path. In such conditions, one may wonder whether deconfined quark matter drops can nucleate within an initially hadronic NS. To study this, we have employed a two phase description of the first order hadron-quark phase transition. For the hadronic phase we used the nonlinear Walecka model, which includes the whole baryon octet, electrons, and trapped electron neutrinos in equilibrium under weak interactions. For the just deconfined quark matter we used an SU (3) f NJL model including color superconducting quark-quark interactions and the MIT bag model [2, 3] . In the quark phase, finite size effects are included via the MRE formalism. We assume that quark droplets can be formed if Gibbs conditions are fulfilled (i.e. if the Gibbs free energy of both phases is the same at the same pressure and temperature). Since deconfinement is driven by strong interactions, it is reasonable to assume that the just formed quark phase has initially the same flavor composition as the hadronic-stable phase from which it has been pro- As can be seen in figure 3 , we obtain σ 18 MeV fm −2 and ζ ∼4-12 MeV fm −1 , which are ordinarily an order of magnitude smaller than the values obtained within the NJL model As can be seen in figure 3 , we obtain σ 18 MeV fm −2 and ζ ∼4-12 MeV fm −1 , which are ordinarily an order of magnitude smaller than the values obtained within the NJL model [13] . Our values for σ are also smaller than the constant value σ = 30 MeV fm −2 assumed in [1] .
In figures 4 and 5, we present the results for the nucleation rate given by equation (39). From figure 4, we see that there are large variations in the value of log 10 ( [cm
for different values of B, but the qualitative behaviour is nearly the same in all cases: (i) the nucleation rate increases hugely when the temperature falls from 61 to 1 MeV, and (ii) the nucleation of droplets larger than some value R * is strongly suppressed (typically R * ∼ 100-200 fm). In contrast, droplets with R R * have a huge nucleation rate at low enough T , and in practice should nucleate instantaneously when the bulk transition density is attained at the core of a PNS. In figure 5 , we show that the main conclusions obtained from figure 4 are valid for different values of 0 . Specifically, we note on the right panel that log 10 is a large negative number for radii above R * . On the left panel, we see that log 10 is a large positive number for radii below R * , with the possible exception of some very small drops with R 10 fm. As can be seen in figure 3 , we obtain σ 18 MeV fm −2 and ζ ∼4-12 MeV are ordinarily an order of magnitude smaller than the values obtained within t [13] . Our values for σ are also smaller than the constant value σ = 30 MeV f in [1] .
In figures 4 and 5, we present the results for the nucleation rate given by From figure 4, we see that there are large variations in the value of log 10 for different values of B, but the qualitative behaviour is nearly the same (i) the nucleation rate increases hugely when the temperature falls from 61 t (ii) the nucleation of droplets larger than some value R * is strongly suppres R * ∼ 100-200 fm). In contrast, droplets with R R * have a huge nucleatio enough T , and in practice should nucleate instantaneously when the bulk transi attained at the core of a PNS. In figure 5 , we show that the main conclusions duced. Thus, these drops are initially out of chemical equilibrium under weak interactions. In such thermodynamic conditions, we have calculated the surface tension α of quark matter. Our results are displayed in Figs. 1  and 2 . We see that the NJL model gives larger values for α than the MIT bag model; typically more than one order of magnitude.
III. SURFACE TENSION AND THE QUARK-HADRON INTERFACE IN HYBRID NSs
In hybrid stars, the quark-hadron interface can be either a sharp discontinuity or a mixed phase where the electric charge is zero globally but not locally, and therefore charged hadronic and quark matter may share a common lepton background, leading to a quark-hadron mixture extending over a wide density region of the star. The actual outcome depends crucially on the surface tension α of three-flavor quark matter in equilibrium under weak interactions. To address this issue, we include the effect of color superconductivity (in the 2SC phase) within the NJL model and describe finite size effects within the MRE framework [12] .
In Fig. 3 we show α as a function of the quark chemical potential for T = 0 MeV, which is representative of the conditions prevailing in old NS. We show results for drops with radii ranging from very small values of 5 fm, which have a large energy cost due to surface and curvature effects, to the bulk limit of R = ∞. The left branches correspond to the chiral symmetry broken phase and the right curves after the discontinuity to the 2SC phase (please see [12] for the discussion about the curves at the left of the dot).
The large values of α have strong consequences for the physics of neutron star interiors, because the energy cost of forming quark drops within the mixed phase of hybrid stars would be very large. According to [4] , beyond a limiting value of α ≈ 65 MeV/fm 2 the structure of the mixed phase becomes mechanically unstable and local We obtain large values of α suggesting that a mixed phase would be precluded at hybrid stars. For more details see [12] .
charge neutrality is recovered. Therefore, our results indicate that the hadron-quark inter-phase within a hybrid star should be a sharp discontinuity.
IV. HIGHLY MAGNETIZED DEGENERATE QUARK MATTER
Systems of strongly interacting matter under the influence of intense magnetic fields are the subject of current studies. They have direct application to the physics of NSs and the properties of the quark gluon plasma produced in relativistic heavy-ion collisions. Here we study the surface tension of magnetized quark matter within the MRE. Quark matter is described as a mixture of free Fermi gases composed by quarks u, d, s and electrons in chemical equilibrium under weak interactions [13] . Due to the presence of strong magnetic fields, the transverse motion of these particles is quantized into Landau levels and, as a consequence, the surface tension has a different value in the parallel and transverse directions with respect to the magnetic field. We calculate the surface tension in the longitudinal and transverse directions for quark-matter drops with different sizes V /S (volume/surface). Due to the magnetic field effect, such drops are expected to be prolate. However, α f and α ⊥ f (parallel and perpendicular to the magnetic field) depend on the shape of the drop only through the ratio V /S. In the present work, V /S is taken as a free parameter with values 10 fm, 100 fm, and ∞. Our results are shown in Fig. 4 . The largest contribution to the surface tension comes from strange quarks which have a surface tension an order of magnitude larger than the surface tension for u or d quarks and more than two orders of magnitude larger than for electrons. The parallel surface tension increases with the magnetic field and the transverse one decreases. These results show that, although the magnetic field can change α significantly, its effect would not be large enough to change the nature of the hadron-quark interface from mixed to sharp [13] . However, since quarkmatter drops adopt a prolate shape inside a strong magnetic field, we may expect significant changes in the geometrical structure of the drops, rods, slabs, and all the pasta-phase configurations expected to exist if global charge neutrality is allowed. finite size effects from first principles are not available. In this context, effective models are very useful for describing the behavior of strongly interacting matter. In a recent work [14] , we studied finite size effects within the Polyakov loop Nambu-Jona-Lasinio model (PNJL) for two light and one heavy quarks at vanishing baryon chemical potential and finite temperatures. We included different Polyakov loop potentials and checked that the predictions of our effective model in bulk are in agreement with lattice QCD results. Finite size effects were included through the MRE formalism.
In Fig. 5 we show the total surface tension α TOT for drops with different sizes, where α TOT = i α i includes the contribution of u, d and s quarks. We have checked that α s is more than 10 times larger than α u and α d , in qualitative accordance with results for cold quark matter at very high densities [12, 13] that show that the total surface tension α TOT is largely dominated by the contribution of s quarks. The surface tension shows a significant variation with R at all temperatures, specially for small drops with radii below 10 fm. There is also a considerable dependence on the Polyakov loop potential. At large temperatures, α TOT increases monotonically with T . At lower T , α TOT has a local minimum associated with the chiral transition of strange quarks. At temperatures below the minimum, α TOT tends to a constant value which is of the same order of the values obtained within the NJL model for cold quark matter (T = 0) at finite chemical potentials (µ = 0 − 450 MeV).
VI. CONCLUSIONS
(1) Surface tension in drops nucleated out of chemical equilibrium at proto NS conditions is at least ten times larger within the NJL model than within the MIT bag model.
(2) Within the NJL model, surface tension in cold hybrid star conditions is ∼ 150 MeV/fm 2 . For such large values, mixed phases are mechanically unstable and the hadron-quark interface in a hybrid star should be a sharp discontinuity.
(3) Within the MIT bag model, the surface tension of highly magnetized quark matter is in the range 2 − 20 MeV/fm 2 for a wide range of baryon number densities. The largest contribution comes from s quarks and the results are quite insensitive to the size of the drop. For eB 5 × 10 −3 GeV 2 , there is a significant increase in the surface tension parallel to the magnetic field and a significant decrease in the one perpendicular to B, with respect to the unmagnetized case. For these values of α, a mixed phase is expected within a hybrid magnetar.
(4) Surface tension within the PNJL model at vanishing chemical potential is dominated by the contribution of s quarks, it changes significantly with R and there is some dependence on the choice of the Polyakov loop potential. At large temperatures, α increases monotonically with T ; at very low T it saturates to a constant value.
